Transmission Problems Arising in Czochralski Process of
Crystal Growth

T. FUKAO, N. KENMOCHI and I. PAWLOW

Technical Reports of Mathematical Sciences
Chiba University, Vol. 17 (2001), No. 4



TRANSMISSION PROBLEMS ARISING IN
CZOCHRALSKI PROCESS OF CRYSTAL GROWTH

T. Fukao , N. Kenmochi and I. Pawlow

Abstract. We consider a transmission problem of two parabolic PDEs as a mathematical
model for the so-called Czochralski crystal growth process. Originally the Czochralski
process is a three-phase system of solid-liquid-gas and involves the three interfaces of
solid-liquid, liquid-gas and solid-gas which are to be determined as a part of the solution
from the mathematical point of view. Nevertheless, in this paper, assuming that the solid-
gas and liquid-gas interfaces are known, we propose a transmission problem for the couple
of a linear heat equation in the gas region and a nonlinear degenerate parabolic equation
in the material region as a simplified mathematical model of the Czochralski process.
Moreover we prove the existence and uniqueness of a weak solution in the variational
sense.

1. Introduction

The Crzochralski pulling method is wildly used for the production of a column of
single crystal from the melt substance. The idea for pulling method due to Czochralski
is quite simple. A crucible equipped with a heating system contains the melt substance
and a pul-rod with seed crystal, which moves vertically and rotates flexibly, is positioned
above the crucible (see Fig.1). The rod is dipped into the melt, and then lifted slowly
with an appropriate speed v, so that a meniscus surface is formed below the seed crystal
and the melt attached to the crystal solidifies continuously. By controlling some thermal
situations in the process one obtains the growth of a single crystal column with a desired
radius as well as a desired growth pattern of the solid-liquid interface and temperature
pattern in the crystal in order to improve the crystal quality.

In such a model of crystal growth the shape of crystal is determined by three kinetic
equations of three interfaces between solid-liquid, liquid-gas and solid-gas. But, in this
paper we suppose that the crystal radius is controlled to be constant and the trijunction
curve on which three interfaces meet is prescribed, too. This might be designed by a good
choice of the pulling velocity. As a consequence we assume that the movement of the
material domain is prescribed.
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We use the following notation (see Fig.2): For 0 <1 < oo and ¢ € [0, 77,
Q(t) : liquid (melt) region,

Q4(1) : solid (crystal) region,

Q,(t) : gas region,

S(t) : solid-liquid interface,

Q= {(1) U 0,(0) U S} U0, (1) U{Tyelt) U Tu(0)},

['(=0Q) :==T,(t) UT (1),

(1) 1= Qp(t) U Q(#) U S(t): material region,

Ton(£)(= 990 (1)) = Te(t) U {Tye UT (D)},

r

nl) 1= Tye1) U T, (1),
v = v(t,x): 3-dimensional unit vector normal to I at z € T,
vt =vt(t,z): 3-dimensional unit vector normal to I'y,,(¢), pointing to Q4 (%),
v~ =v (t,x): 3-dimensional unit vector normal to I'y,,(¢), pointing to €,,(1),
nt =n*(¢,x): 3-dimensional unit vector normal to S(¢), pointing to Q(t),
n~ =n"(t,x): 3-dimensional unit vector normal to S(t), pointing to €,(t),
Q = (07 T) X Q7
5= (0,T) x T,
Qi:= | {xu®) i=md,s,yg,
t€(0,T)
3, = U {t} xTy(t) i=m,l,g,gm,gl,gs,
t€(0,T)
S= U {th x50
t€(0,T)

Next, we denote by vy, = vs_(t,2) the normal speed of T, (t) at (¢,z) € 3,,,. With
this vy, the 4-dimensional unit vector outward normal to ¥, at each (t,z) € 3, is given
by

1
vt= ) = ————(—vy,, V7).
= Gt )

Similarly, with the normal speed vs := vg(t,z) of S(t) at (t,z) € S, the 4-dimensional



unit vector normal to .S, pointing to the solid region, is given by

1

A= (A, A7) = i
(losl? + 1)

nr o= (), 1)

(—vs,n™).

It is easily understood that by the crystal growth the shape of material domain €,,(t)
changes with time and it yields a 3-dimensional convective vector field v = v({,z) in
(). The determination of v is also one of the important questions in the mathematical
modeling of the Czochralski process of crystal growth. It seems that v obeys mainly the
pulling velocity v, in the crystal and is a solution of the incompressible Navier-Stokes (or
simply Stokes) equation in the melt (see [3, 5]). Nevertheless, in this paper, we assume
that the convective field v is prescribed, too, at least satisfying that

divv =0 in @, (1.1)
v-vt=vyg, onX,(1), (1.2)
v-r=0 on;t), i=/{g. (1.3)

Now, from the usual energy balance laws the following system is derived, where 6; :=
0;(t, z) is the temperature on Q;, i = £, s, g.

ci(QM +v- VQZ) - kZAQZ = f in Qi7 1= g, S, 4, (14)
00 00,

0,=0,=0, k %—iwsan—_ =L(v-nt —vg) on S, (1.5)

a0; 00 :
k,@z = k'gﬁg, kla? + k'g 81/9_ =0 on Zgiy 1= g, S, (16)

subject to the boundary conditions
kz? +nokity =p ond;, i=1L(y, (L.7)
v

and initial conditions
01(0, ) = 01‘0 o1 QZ(O), 1= €7 s, 4, S(O) = So. (18)

Here note that (1.5) is called the Stefan conditions, where the phase change temperature
is supposed to be 0 for simplicity, and (1.6) is called the transmission conditions between
the material and gas; ¢;, k;. i = (, s, g, and L are positive constants which are the specific
heats, the heat conductivities and latent heat, respectively; f is a given heat source on
@, p is the boundary data prescribed on 3I; 6;5,7 = (, s, g, are the initial temperature on
,(0) and Sy is the initial location of the solid-liquid interface, satisfying that

6o >0 onQ0), 6y<0 on0), =0 on S

As is well known, by using the enthalpy we reformulate the above system as a weak
variational form. In this paper we prove its well-posedness by using the abstract theory
of time-dependent subdifferential operators (cf. [1, 4, 7, 8, 9, 16]).



2. Weak formulation

The enthalpy u is defined as follows:

0 if © € Qn(t), 0<0
[0,L] if x€Q,(t), 6
cld+ L if v € Q,(t), 0>0
cgt if x € Qy(1).

Moreover we define a function 3(¢,z,7) on @ x R by

k
—r if <0,
CS
Bi(r) = 0 if 0<r<L, it © € Q,(t),
B, z,r) = @(r — L) if r>1L,
Ce
k, . _
Ba(r) = - if © € Qg(1).
g

Then 3(t, z,r) is a non-decreasing Lipschitz continuous function in r on R for a.e. (¢,z) €

Q.

By using the enthalpy u our problem (1.4)-(1.8) is reformulated as an initial-boundary
value problem for a degenerate parabolic equation in a cylindrical domain ) of the fol-
lowing form

w—AJw)+v-Vu=f inQ, (2.1)

® | 2w
u(0) =wup on €,

(u)=p on%,

where G(u) := §(t,z,u) and
up = 500 Xa.0) T (¢ + L)Xa,0) + ¢400Xa,0)-

with characteristic functions xq,() of €2(0),7 = ¢, s,g. In fact, multiply equations (1.4)
by any test function n € C*(Q) with n(T) := n(T,-) = 0 on 2, and then integrate the
resultants over Q);, i = £, s, g, respectively, to get the following identities

/ c0mdadt — / k, AOndadt + / (v - VO)pdedt = / fodedt, i=1(s.g, (2.2)
Qi Qi Qi Qi

where the subindex i of 6; is omitted, since no confusion arises. With the help of (1.2),
(1.3) and the Green-Stokes’ formula as well as the relations d; = (Jvs,,|2+1)2d; (1)dt, i =
gm, gl, gs, d5; = dT;(t)dt,i = 0, g, and dS = (|vs|> + 1)2dS(t)dt, we have

/ Cgeﬂ”/dﬂfdt+/ csﬁmda:dtwt/ cgOndudt
QZ Qs Qg



L,

S+ [ efon(O)(~Vde — [ eomdedt
e S+ [ clnO)(-Dde— [ conda
+/Egg cgﬁnlz_ngg%—/Egs cofnv; d¥ys +/Qg(0) c,00n(0)(—1)dx — /Qg coOndadt
= —/ umdajdt—/ uon(0)dx
Q Q

L77(0)d.73+/ cen(—vs,, )dL 5 (t)dt
St

O dY g +/m(0) cBon(0)(—=1)dz — /Z cndadt

+ / Ldadt +
Qe Q,(0)
i /E e,0n(—vs, )AL, (t)dt + /E ¢, 0n(vs, YT o (t)dt + /E ¢, 0n(vs, YT (1)L,
gs gt gs
and by (1.6) we have

~ | kot ~ / ko AOndadt — / k, AOydadt

00 o0
- B r
/ {/Fg(t) k/ayﬁdff + /gz(t) 1 +77d ge(t) + k;anJrndS( )} dt

+ / ko (V8 - Vip)dadt

_/ {/ ) a+77 +/ ko ndS }df+/ (V0 - Vi)dadt
Tge(t v

00 o0
a Al dt
/ {/g(t) gayndr ( ) /gz(t) kgay ndrgf +/gs(t) Qay 77 gs( )}
+ / (V8 - Viy)dad

/vﬁ  Vdadt — / G //S@( 3n—++k380)77dS()d

Moreover it follows from (1.1) that

. . -VO)ndxdt
/Qz co(v V@)ndwdt%—/@s cs(v V@)ndwdt%—/@g cy(v - VO)ndx

T
= V)ndly(t O(v - pdly(t) St — [ (v - V)ddt
/0 {/wcge(v v)n z()+/ng(t)Ce (v-vtn gz()} /QZCg (v - Vn)dz

T
Lt B .
+/0 {/ng(t) csO(v-v )nngs(t)}dt /Q O(v - Vn)dzdt
T
+/o {/Fg(t) cgf(v - v)ndly(t) + /ng(t) (v - v )ndly(t)

+ cQO(V-y_)nngs(t)}dt— / c,0(v - Vn)dadt
Q

rgs (t) g

= —/ w(v - Vn)dzdt +/ L(v - Vn)dzdt
Q Qe



+ / OV - v ()t + [ 0% - v )ndD g (t)dt
g Ygs
+ / coB(v - v )ndl 4o (t)dt + / c,B(v - v )ndl 45 (t)dt.
Egi Egs
Using (1.2) and (1.3) we get

0B(u)
—/QumdajdtwL/QV[)’(u) . Vndwdt—/zwndfdt—/cgu(v-Vn)da:dt

00 ol
Liydadt LOd—/k k, ds(t dt/ Vi)dadt
+~/Qz vt Q(0) n(0)dz (Zarﬁ+ “on )77 + (v- Ve
=/ fndajdt+/ uon(0)dx
Q Q
Moreover on account of the Stefan condition (1.5), we get the following equation:

50 00
L, dzdt L d./—/ 2 ., AS(D)dt / dzdt
/QZ mdadt+ | o) n(0)dz (z3+ . )775 + (v-Vn)dx

_ Loitds /L*ers / Ln(0)dz
/Egg ny gt T g Ty + 2(0) 77( ) xr

- /S L(v-nt —vg)dS()dt + /E Lo(v - )T (1)dt + /S Li(v - n*)dS(t)dt
= 0.

Therefore, using (1.7), we arrive at the following equality

—/ undadt +/ Vi3 (u) - Vndxdt +no/ Blu)ndl'dt —/ u(v - Vn)dzdt
Q Q b Q

_ / Frdedt + / prdTdt + / won(0)dz for all € W, (2.3)
Q by Q

where W := {n € H'(Q); n(T) = 0 on Q}. This is the variational form of (E) which is
regarded as a weak formulation of (1.4)-(1.8) as usual. Problem (E) is called the enthalpy
formulation of (1.4)-(1.8).

Remark 2.1 In the transmission condition (1.6), equalities k;0; = k,0,, ¢ = {, s, imply
that the temperature is possibly discontinuous on ¥,,, since k; # k, in general. Therefore,
this may not be acceptable from some physical points of view. When the continuity of
the temperature is required in @, k;0; = k,0, should be replaced by 6, = 6, on ¥,,. In
this case, the weak variational identity is different from the above (2.3) and we need a
different mathematical treatment of the problem and this will be studied in a forthcoming
paper of the authors. Also, some mathematical modelings of this sort of crystal growth
have been discussed by Pawlow [13] in more general settings.

For the solvability of two-phase Stefan problems without convection in cylindrical
domains, the time-dependent subdifferential operator theory was skillfully applied by
Damlamian [4]. The case of non-cylindrical domains with convection was treated by
Fukao, Kenmochi and Pawlow [6] by applying the theory of quasi-linear equations of
parabolic type.



3. Statements of main results

In this section we formulate our main result with some functional settings. First we
introduce a function space V := H*(Q)) equipped with norm

lulf = |Vu|%2(m +n0/F |u|?dl’ for all u ¢ V,

which is an equivalent norm to the standard one of H'(2). The dual space of V is
denoted by V* and the duality pairing between V* and V' is denoted by (-, -)y- 1 note
that if u* € L?(Q), then

(W, wy-y = (U, u)2), forallucV,

where (-, -)12(q) denotes the inner product in L?(£2), The duality mapping F : V — V" is
defined by

(Fuy,ug)y=y = / Vu, - Vuadr + no/ uusdl’  for all us € V.
Q r

Moreover, defining an inner product (-, )y« in V* by
(u},uy)y- = (uj, F uz)yy, forall uj,uy € V™.
we see that V™ is a Hilbert space with the following dense and compact imbeddings:
Ve L2(Q) — V.
Now we give the definition of a weak solution of (E).
Definition 3.1 w:[0,7] — L?*(Q) is called a weak solution of (E) if u satisfies following
conditions:
(D1) w € WH2(0,T; V)N L>=(0,T; L*()).

(D2) B(u) € L*(0,T;V).
(D3) u satisfies the variational identity (2.3).

Our main result is stated under the following geometric assumption (%) on the time
dependence of the prescribed material domain £2,,(¢):

(x) Assume that € is a bounded domain in R3 with smooth boundary I' and assume
that there exists a one-parameter family of C?-diffeomorphims © := O(t,-) on ,
0 <t < T, such that © € C*(Q) and

O, () =(0), i=m,g, 0<t<T.

Theorem 3.1  Assume that condition (x) holds, f ¢ L*(Q), p € CY(X), uy € L*(Q)
and B(ug) € HY(Q). Also assume that v € CH(Q)? and (1.1), (1.2) and (1.3) hold. Then
there exists one and only one weak solution u of (E).

The proofs of existence and uniqueness of a weak solution of (E) will be given in
sections 4 and 5, respectively.



4. Existence proof

Let us consider the existence question of a weak solution of (E). Our approach is based
on the time-dependent subdifferential operator theory. To do so we define a function
P L*() — (—o00,00], for each ¢ € [0,7] by this formula:

3 d / : de i s LX)
(bL(Z) — { /Qm(t)[l<2<x>) T -+ Qg(t)fz(Z(aj)) r if 2 ( )()
o it 2 V().
where (3(r) = [ B;(s)ds,i = 1,2. Clearly ¢' is a proper, lower semi-continuous and

convex function on V*. We denote by d¢' the subdifferential of ¢'; by definition (cf. [2]),
2* € 9¢'(2) in V* means that

(2%, w — 2)y- < @' (w) — ¢'(z), forallwe V",

The characterization of 9¢' is given in the following lemma.
Lemma 4.1 Let z € D(9¢") and 3(z) := Bi(2)Xan@ + B2(2)Xa,@)- Then z* € 0¢'(2)
m V™ if and only if

(F72" w)pze) = (B(2), w2y for all we L*(S). (4.1)
Moreover, this is equivalent to the statement that 3(z) € V and
(z" vy = /QV[)’(z) - Vndz + no/r[)’(z)ndf for all n e V. (4.2)

Proof. We have z € L?(Q) by D(9¢") C D(¢') = L*(Q2) and by definition

A

(2", w — 2)y+ < /Q » (Bi(w(x)) — Au(2(x))) da + /Q o (Bo(w(z)) — Bo(())) dar,

for all w € L*().

Here, choose z + &(w — 2),& > 0, as w in the above inequality for each w ¢ L*(2), divide
the both sides by € and finally pass to the limit € — 0. Then we get

(=" w = 2)v- < (Bi(2)Xanm + B2(2)Xa, @), W — 2) 2 forallw e L*(Q).

From the arbitrariness of @ € L*(£2) and the relation (2%, — 2)y+ = (F 12", — 2)12(q)
it follows that

(F 2% w) ) = (B1(2)Xam@ + 52(2)Xa,0) W)@ for all w € L*(Q),

namely (4.1) holds. It is easy to show the converse assertion. Also, by the definition of
the duality mapping F, (4.1) and (4.2) are equivalent to each other. O

Now we are ready to apply the existence result in [16] (or [7]) for nonlinear evolution
equations including time-dependent subdifferential operators and small perturbations.
Consider the following initial value problem (K):

(K) { u(t) + 99" (u(®)) + g(t,u(t)) > f7(t) in V* for ae. t € [0,7T],
u(0) =ug in V7,



where g(t, z) : L*(2) — V* is an operator defined by:
(gL, 2), vy = — /S Z@)(v(D) - Vi)(a)da forall m€ V.

for each ¢t € [0,7] and z € L*(Q). In the next lemma we check the time-dependence of ¢'
and the conditions required in order to apply the abstract result in [16] (or [7]) to problem

(K).

Lemma 4.2 (i) There exists a positive constant ag with the following property: for each
s,t €[0,T],8 <t and z € D(¢*) there exists z1 € D(¢") such that

v < aglt — s|(14|¢°(2)]2), (4.3)

|6 (21) = ¢°(2)] < awlt — s[(1 + 167 (2)]). (4.4)
Furthermore the set L, := Up<icr{z € V50" (2) + |27+ < 1} is bounded in L*(Q) and
hence relatively compact in V* for each r > 0.
(ii) The operator g(t,-) : D(g(t,)) = L*(Q) — V*, t € [0,T], satisfies that

lg(t, )3 < Cod'(2) +Cy for all t €[0,T] and all z € L*(Q), (4.5)

where Cy and C' are positive constants, and that if {z,} C L*(Q),{t,} C[0,T],{¢" (2n)}
is bounded, z, — z in V* and t,, — t, as n — oo, then g(t,, z,) — g(t,z) weakly in V* as
n — 0o.

Proof. (i) By our geometric assumption (x) the mapping O, := (s, )t 0 O(t,-) is a
C?-diffeomorphism on Q for any s, ¢ € [0, 7] such that ©; 4(Q;(t)) = Qu(s), i = g, m. Also
there exist positive constants «; and as such that

|21 — 2

|det.Jo, . (z) — 1| < ay|t —s|, forall s,t € [0,T],and x € €,
foreachn e V
70O s — |2 < aolt —sl|nly, forall s, ¢t c[0,T],

(cf. Kenmochi [8; Lemma 3.2.2]), where Jo, , is the Jacobian of ©,, and det.Jo,, is its
determinant.

Now given z € D(¢*) = L*(2) we take as z; the function z 0 ©,, € L*(Q) = D(¢").
Then for each n € V' we have:

(z1 —z,myey = (21 — 2777)112(9)

= [ a@n@de = | @)

_ /Q A(Os(a))n(a)da — /Q Ha)n(z)dz

= / 2(@)n(07 (x))det. Jo, , (x)dz — /Q z(@)n(x)dz

[ 1@)lIn(@.@)l[det o, (2) = 1da + | 2(@)][n(Osa(2)) () |da

st — 8|/Q|Z 2)|[(Osa(@))|dx + 2] 2|1 © Osp — 1l 120

IA

IA

IA

ay [t — s||2]2) |7 0 Ost|2() + 2lt — s||2| 21y



L
2 .

Since |det.Jo,,| < 14 a1T, we have [0 O,,|2) < as|n|r2q), where az = (1 +a,T)
Therefore it follows from the above inequalities that

(21— 2z, vy < ault — s||2| 2y nlv, (4.6)

where oy := aa3 4 ay. By the definition of [;’Z there are positive constant ¢ and ¢j; such
that
Gi(r) > cylr]? =y forallr e Randi=1,2,

so that it is easy to find a positive constant cj3 such that
w2 < ca(1+ |¢S(w)|%) for all w € L*(R2) and s € [0, 7T]. (4.7)

Combining this with (4.6) we immediately get (4.3) with any positive constant «g with
Qg > ayc.
Next, we recall

¢'(21) — ¢°(2)

— /Qm(t) ﬂl(x’?l(ﬂ?))dﬂ?—f—/gg(t) Ba(z1(2))da — /Qm(s) B1(z(z))dz — -~ Bo(z(x))dx.
Here
/Q o Bi(z1(x))dx — /Q o ji(z(@)de < /Q i Ous(@))dx — /Q - Bi(z(x))dx
< [, (Bietendetto, (@) = B} de

< [y, BNt o, (2) ~ 1/dr

L=l [ At

< m

for (¢,7) = (m,1) and (g,2). Now it is easy to see that (4.4) holds by taking aq so that
oo > ai. Also, for each > 0 the boundedness of L, in L?(2) is immediately obtained
from (4.7).

All assertions in (ii) are easily seen from the definition of g(¢, -). O

Now, we define f* € L*(0,7;V*) by

(W = [ fEadn@)de + [ plte)n@)dl forally € V.

and consider the evolution equation (K). Applying an existence result of [16] (or see [7]),
we see by Lemma 4.2 that there exists at least one solution u of (K) in W2(0,7;V*) N
L>(0,T; L*(2)). Moreover we see that this solution u is a weak solution of (E), too. In
fact, since

() —wlt) — g(t,u(t)) € 9¢' (u(t)) in V* for ae. t € (0,77,
it follows from Lemma 4.1 that

FHf" = up = g(tu) = B(w) € L0, T3 V),



and for each n € H}(Q) with n(T) =0

(F7() —wt ) g(t w(t),n(t))v-y
= [ VB(u®) - Vn()de+no | Bu®)n()dr.
Therefore, integrating this in time on [0,77] and using integration by parts, we see that

u satisfies the variational identity (2.3). Thus u is a weak solution of (E) in the sense of
Definition 3.1 and the existence proof of Theorem 3.1 has been accomplished.

5. Uniqueness proof

In this section we prove the uniqueness of a weak solution of (E) obtained in the
previous section. The idea of our uniqueness proof is due to Ladyzenskaja, Solonnikov
and Ural’ceva [11; Chapter 3, Section 3], and this was also extensively used in Niezgdka
and Pawlow [12], Rodrigues and Yi [15] and Rodrigues [14] for the uniqueness proof of
generalized Stefan problems and continuous casting problems.

Let u; and uy be two weak solutions. Then, by taking the difference of their weak
variational forms and using the Green’s formula we have

- /Q(ul — ug)ndxdt — /Q([)’(ul) — B(u2))Andzdt — /Q(ul —ug)(v - Vn)dzdt

+ [L(0(ur) — Bu) SLdTdt + oy [ (Bur) ~ Blundldt =0 (5.1
forall n e W.

As usual, consider the function

which is non-negative and bounded on ). By virtue of (5.1)

— /Q(ul —ug){m +bAR+v- Vn}dardt+/2([)’(u1) — B(u2)) {% + non} dldt =0 (5.2)

for all n € W.

We now take smooth and strictly positive approximations b, of b such that
b<b. aeon@, c<b.<By ae. onqQ, (5.3)

b. > b ae.on@Q ase— 0,



where By is a positive constant, and consider the following auxiliary linear parabolic
equation for any given ¢ € D(Q):
Nea F0AN. +v-Vn. =0 in Q,
D1
ov
n.(T,-)=0 on .

+nyn. =0 on X, (5.4)

By the general theory (cf. [11;Chapter 3]) of linear parabolic equations this problem has
a unique solution 7, ¢ H>***/2(Q) for a certain number 0 < a < 1.

Now we are going to show that {n.} is bounded in L>*(0,T;V) and {b¥?An.} is
bounded in L?(Q). To this end we prove:
Lemma 5.1

T
Ine(s)% + 2/ / bo| A2 dudt

<A{6lvlcigy + 1}/ |n(t |Vda:dt+no/ /V Vn? dth+/ t)|3-dt (5.5)
for all s € [0,T] and € € (0,1].

Proof.  Multiplying the first equation in (5.4) by An. and integrating over € with
respect to z, we get for any fixed time ¢

- 5
L Anedw+/ |b€||An€|“dw+/(V-Vne)Aneda:: —/ Ve - Vn.dz. (5.6)
 Of Q Q Q
Here
on: v ¢ e Oz -
e = (0% o |
o o e ( )d o !
- —55/"7 e =g [
= s on
and

—/Q(V - Vn.)An.dzx
/v v - Vn.) -Vneda:—/(v-Vn )%”Edr
T

— 87}] 8776 8775 82776 8776
- / Z {3237, O O M O0x;0x; Ox; et /r<v Ve )edl

1
< 3|V|Cl@)3/Q|V775|2da:+/QV-V<§|V775 )da:+—/v V(i2)dT.
Now, by using conditions (1.1) and (1.3) we see that
1 1
/ v-V <—|V77€|2> dr = / div <—|V77€|2V> dx
Q 2 Q 2

1 9
= /—|V77€|“(V-y)df
r2
= 0.



It follows from (5.6) with the above estimates that

STl [ el an e < GiVleugs + Ik + 1% o [ v VG

for all t € [0, 7], so that (5.5) is obtained by integrating this inequality over [s,T] in time.
|

Lemma 5.2  There is a positive constant By such that

/I;V(t) -V(n2(1)dl < B1|775(t)|%2(r‘) for all t € 10,T] and € € (0,1].

Proof. Our geometric condition (x) ensures that there is a finite open covering
{U L, of T such that a local coordinate transformation y = (y1,y,y3) = Xi(z) :=
(Xp1(2), Xp2(x), Xis(z)) from Uy, onto an open subset Uy, of the y-space satisfying prop-
erties

o Xp(UprnNQ) CY :={y;ys > 0} and Xy (U, NT) C 9Y = {y;y5 = 0} for all

k=1,2 .., N.
0 N O , N .
* 5= Ar(y )8_ on U, NI, where ¢ = (y1,¥2,0) and Ax(y') is a positive bounded
v Y3

function of C* on U, NT for all k =1,2,...N.

Also we take a partition of unity {¢r} on I', namely

N
¢r € CP(R?), supp(dp) CUk, L<k<N, > ¢p=1 onT,

k=1

and use the relation dI" = Ji(¢/)dy on U, N T for k = 1,2,..., N, where J; is a positive
and bounded function of C* on U, NT.
We have for any fixed ¢t € [0,7] that

/FV-V(nf)dF _ Z/ 877€d1“:z3;{§:/r¢kwgfdl“}

o an] 8776
o {Z/ ki ox; ayjjd }

2,7=1

Therefore, for w;ji, := ¢pv;(0Xy;/0x;)J;, it is enough to estimate the integral

3 o 2
Ne 1
L= [ > wigeEdy.
R? ] 7 Oy,
In fact, we see that

(9wﬂk aiUz‘Qk 2 8772
I :—/ + “d1’+/ w; Edy .
* Rz{ Oy s (o Rz Dy Y




Here, noting that
O _ 10n2  2ng
83/3 N Aj ov N Aj

we get from the above expression of I, that

ne1°,

| Tise| < Balnelfaqr

for all 7,k =1,2,3, and B, is a positive constant independent of 7, j, k. Thus the required
estimate holds with By = 6Bs. O

Now, from Lemmas 5.1 and 5.2 it follows that

. T . T . .
n=()[y + be| An.[*dzdt < Bs | {|n:[{ + [C]3 Ydt (5.7)
$ Q $

for all s € [0,7] and all € € (0,1]. Applying the Gronwall’s inequality to (5.7), we have

the uniform estimate

sup |n.(1)[% +/ be|An.|2dzdt < By, (5.8)
Q

0<t<T

where By is a positive constant independent of € € (0, 1].
By (5.8) we can find a sequence {&,} with &, — 0 as n — oo and a function n € V
such that
., — n weakly in L*(Q),

Vn., — Vn  weakly in L*(Q)% as n — 0.

Taking 7., as a test function 7 in (5.2), we have
_ /Q(m — u){ne,, ¢ + AN, +V - V., tdadl
- /Q(u1 — u2){ley o+ bey At + V- Vg, fzdl + /Q(Ul —u9)(be, — b)An,, dxdt
= — /Q(ul — ug)ldxdt + /Q(ul — u3) (b, — b)An,, dadt.
Moreover, passing to the limit in n yields that

‘/ (uy — us)(be, — b)Anenda:dt‘
Q

< {/ lur — uo[?[b.. — b|dmdt}§ {/ b, — b||A77€n|2da;dt}§
Q Q

1
< {/ |u1—u2|2|b€n—b|da:dt} B,
Q
— 0.

Therefore
/ (u1 — ug)ldxdt =0 for all £ € D(Q),
Q

which implies that u; = us a.e. on Q). O
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